In this paper we discuss massive gravity in Minkowski space via gravitational Higgs mechanism, which provides a non-perturbative definition thereof. Using this non-perturbative definition, we address the issue of unitarity by studying the full nonlinear Hamiltonian for the relevant metric degrees of freedom. While perturbatively unitarity is not evident, we argue that no negative norm state is present in the full nonlinear theory. 
Introduction and Summary
The gravitational Higgs mechanism gives a non-perturbative and fully covariant definition of massive gravity [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . The graviton acquires mass via spontaneous breaking of the underlying general coordinate reparametrization invariance by scalar vacuum expectation values. 4 In this paper, motivated by the results of [12] for the gravitational Higgs mechanism in de Sitter space, we study the issue of unitarity of the gravitational Higgs mechanism in the Minkowski background within the setup of [5] .
Within the perturbative framework, unitarity requires that, in order not to propagate a negative norm state at the quadratic level in the action, the graviton mass term be of the Fierz-Pauli form [39] . Furthermore, higher order terms should be such that they do not introduce additional degrees of freedom that would destabilize the background, and difficulties in achieving this to all orders in perturbative expansion have been known for quite some time (see, e.g., [40] , [27] , and references therein). In this regard, in order to circumvent the aforesaid difficulties within the perturbative expansion, [36] proposed an order-by-order construction, albeit in a special decoupling limit, such that higher-than-second-order time derivatives in the equations of motion are absent.
Here we propose a different approach. Following [12] , our key observation is that perturbation theory appears to be inadequate, among other things, for the purposes of addressing the issue of unitarity. 5 Thus, while the theories of [5] reproduce the Fierz-Pauli action at the quadratic level, according to [14] , at higher orders in perturbative expansion they do not reduce in the decoupling limit to the theories studied in [36] (and, according to [14] , the same holds for the models discussed in [9] ). However, since the definition of [5] is intrinsically non-perturbative, we can test the stability of the Minkowski background in the full nonlinear theory. In this paper we perform a non-perturbative Hamiltonian analysis for the relevant metric degrees of freedom and argue that the full nonlinear theory appears to be free of ghosts.
Our main result is that, in the gravitational Higgs mechanism, non-perturbatively, the Hamiltonian appears to be bounded from below in the Minkowski background. 6 We argue that this is indeed the case 7 by studying full nonlinear Hamiltonian for the relevant conformal and helicity-0 longitudinal modes with no spatial dependence, 4 For earlier and subsequent related works, see, e.g., [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38] , and references therein. 5 For instance, in the de Sitter case, this becomes evident from the fact that in the full nonlinear theory no enhanced local gauge symmetry (or ghost) is present for any value of the Hubble parameter, while its appearance in the perturbative framework already at the quadratic order appears to be a mere artifact of linearization [12] . 6 We arrived at the same conclusion in [12] in the de Sitter case. 7 Here we should note that in this regard we only analyze in detail the simplest example with higher (namely, four) derivative couplings in the scalar sector (23); however, based on the fact that in the gravitational Higgs mechanism diffeomorphisms are broken spontaneously, we believe our conclusions should hold in the general case as well, albeit we do not have a proof of this statement.
which is the dimensionally reduced diagonal Ansatz of [12] . We show, however, that within the same Ansatz, depending on the choice of the field parametrization, a perturbative decomposition in terms of the conformal and helicity-0 modes invariably leads to a) equations of motion with higher-than-second-order time derivatives in agreement with the claim of [36] or b) a ghost already at the quadratic level. We emphasize that the results of [36, 14, 38] are obtained in the context of an intrinsically perturbative field parametrization, which parametrization does not appear to posses a non-perturbative generalization, and all "no-go" results stemming therefrom appear to be mere artifacts of perturbative expansion.
We also revisit the gravitational Higgs mechanism in the simplest case with no higher derivative couplings in the scalar sector, first discussed in [2] , which does not correspond to the Fierz-Pauli mass term at the quadratic level. Nonetheless, non-perturbatively, even this case appears to "resum" into a theory with a positive definite Hamiltonian. 8 We argue that this is the case using our dimensionally reduced diagonal Ansatz. We also reproduce the same result using the full Hamiltonian analysis of [11] , thereby validating our Ansatz.
The essence of our results is well-illustrated by the following simple "toy" example:
where H is the Hamiltonian, p is the canonical conjugate momentum, and µ is a parameter. Non-perturbatively, this Hamiltonian is positive definite. On the other hand, in the "weak-field", small p 2 approximation, perturbatively there is a ghost as the kinetic term proportional to p 2 has a wrong sign: H = µ−p 2 /2µ+. . . ; simply put, in the above example the weak-field approximation is invalid in the regime where the fake perturbative "ghost", which is merely an artifact of linearization, would destabilize the background. The same appears to be the case in the gravitational Higgs mechanism examples we study in this paper.
To summarize, non-perturbatively, the gravitational Higgs mechanism appears to be free of ghosts.
9 . The rest of the paper is organized as follows. In Sections 2 and 3 we discuss the gravitational Higgs mechanism in Minkowski background, which results in massive gravity with the Fierz-Pauli mass term for the appropriately tuned cosmological constant. In Section 4 we derive the Hamiltonian for the relevant metric modes and show that it is bounded from below. In Section 5 we revisit the simplest case without higher derivative couplings in the scalar sector and show that there too the Hamiltonian is positive definite, in spite of the quadratic truncation not being of the Fierz-Pauli form.
Minkowski Solutions
Consider the induced metric for the scalar sector:
Here M = 0, . . . , (D − 1) is a space-time index, and A = 0, . . . , (D − 1) is a global index. We will choose the scalar metric Z AB to be the Minkowski metric:
Let
The following action, albeit not the most general 10 , will serve our purpose here:
where a priori the "potential" V (Y ) is a generic function of Y . The equations of motion read:
where prime denotes derivative w.r.t. Y . Multiplying (6) by Z AB ∇ S φ B and contracting indices, we can rewrite the scalar equations of motion as follows:
10 One can consider a more general setup where the scalar action is constructed not just from Y , but from Y MN , G MN and ǫ M0...MD−1 , see, e.g., [5, 8, 9, 10, 12] . However, a simple action containing a scalar function V (Y ) suffices to capture all qualitative features of gravitational Higgs mechanism. In particular, if this function is quadratic as in (23), the cosmological constant Λ must be negative in the context of the Minkowski background (but not in the de Sitter case -see [12] ); however, generically there is no restriction on Λ, which can be positive, negative or zero even in the context of the Minkowski background, once we allow cubic and/or higher order terms in V (Y ), or consider non-polynomial V (Y ). As a side remark, let us note that no choice of polynomial V (Y ) constructed from Y only reduces in the decoupling limit to the theories studied in [36] (cf. [14] ).
Since the theory possesses full diffeomorphism symmetry, (8) and (7) are not all independent but linearly related due to Bianchi identities. Thus, multiplying (7) by √ −G, differentiating w.r.t. ∇ N and contracting indices we arrive at (8) . We are interested in finding solutions of the form:
where m is a mass-scale parameter. The equations of motion (7) imply that
is the solution of the following equation
which determines the mass scale m.
Massive Gravity
In this section, following [5] , we study linearized fluctuations in the background given by (9) and (10) . Since diffeomorphisms are broken spontaneously, the equations of motion are invariant under the full diffeomorphism invariance. The scalar fluctuations ϕ A can therefore be gauged away using the diffeomorphisms:
However, once we gauge away the scalars, diffeomorphisms can no longer be used to gauge away any of the graviton components h M N defined as:
Moreover, we will use the notation h ≡ η M N h M N . After setting ϕ A = 0, we have
where the ellipses stand for higher order terms in h M N . Due to diffeomorphism invariance, the scalar equations of motion (6) are related to (7) via Bianchi identities. We will therefore focus on (7). Let us first rewrite it as follows:
Linearizing the r.h.s. of this equation, we obtain:
where
This corresponds to adding a graviton mass term of the form
to the Einstein-Hilbert action, and the Fierz-Pauli combination corresponds to taking ζ = 1. This occurs for a special class of potentials with
Thus, as we see, we can obtain the Fierz-Pauli combination of the mass term for the graviton if we tune one combination of couplings. In fact, this tuning is nothing but the tuning of the cosmological constant -indeed, (22) relates the cosmological constant to higher derivative couplings. Thus, consider a simple example:
The first term is the cosmological constant, the second term is the kinetic term for the scalars (which can always be normalized such that the corresponding coefficient is 1 by normalizing the scalars φ A accordingly) , and the third term is a four-derivative term. We then have:
which relates the mass parameter m to the higher derivative coupling λ:
and the graviton mass is given by:
Note that we must have λ < 0. Moreover, we have:
So, the cosmological constant in this case must be negative, which is due to the choice of the potential (23); however, as we already emphasized above, for generic choices of the potential there is no restriction on the cosmological constant, which can be positive, negative or zero.
Is there a Ghost?
The purpose of this section is to argue that the full nonlinear theory of massive gravity in Minkowski space via gravitational Higgs mechanism is free of ghosts. We will do this by studying the full nonlinear action for the relevant modes, which we identify next. In particular, we will argue that no negative norm state is present for these modes. Let us note that, once we gauge away the scalars, the full nonlinear action becomes:
where V (ζ) ≡ V (m 2 ζ). To identify the relevant modes in the full nonlinear theory, let us note that in the linearized theory the potentially "troublesome" mode is the longitudinal helicity-0 mode ρ. However, we must also include the conformal mode ω as there is kinetic mixing between ρ and ω. In fact, ρ and ω are not independent but are related via Bianchi identities. Therefore, in the linearized language one must look at the modes of the form
Furthermore, based on symmetry considerations, namely, the SO(D − 1) invariance in the spatial directions, 11 we can focus on field configurations independent of spatial coordinates [12] . Indeed, for our purposes here we can compactify the spatial coordinates on a torus T D−1 and disregard the Kaluza-Klein modes. This way we reduce the D-dimensional theory to a classical mechanical system, which suffices for our purposes here. Indeed, with proper care (see [12] ), if there is a negative norm state in the uncompactified theory, it will be visible in its compactified version, and vice-versa.
Let us therefore consider field configurations of the form:
where g(t) and f (t) are functions of time t only. The action (28) then reduces as follows:
and W D−1 is the volume in the spatial dimensions (i.e., the volume of T D−1 ). Note that g is a Lagrange multiplier. The goal is to integrate out g and obtain the corresponding action for f . It is then this action that we should test for the presence of a negative norm state.
The equation of motion for g reads:
The following discussion can be straightforwardly generalized to general V . However, for our purposes here it will suffice to consider quadratic V corresponding to (23) . We then have:
We can therefore express g in terms of f and ∂ t ln(f ):
where the branch is fixed by the requirement that g ≡ 1 when f ≡ 1. Substituting the so expressed g into (31), we obtain an action which is a nonlinear functional of f and ∂ t ln(f ). For our purposes here it is more convenient to work with the canonical variable q, where
and the action reads:
where L is the Lagrangian. This action corresponds to a classical mechanical system with a lagrange multiplier g. Next, the conjugate momentum is given by
whereĝ
Using (36), (43) simplifies to
and the Hamiltonian is given by
We can now see if this Hamiltonian is bounded from below. First, using (36), we have:
Using (38), we can rewrite this Hamiltonian as follows:
The presence of a ghost would imply that the Hamiltonian is unbounded from below for large values of U 2 (recall that U 2 contains the "kinetic" term). However, it is not difficult to show that this Hamiltonian suffers from no such pathology. Indeed, we can rewrite it as follows:
which in the large U 2 limit reads:
Furthermore, from (38) we have
So, in the large U 2 limit the Hamiltonian actually vanishes. Note that the above argument implicitly assumes that Ω is bounded from above. This is indeed the case as g must be at least non-negative, which implies that
and Ω is bounded as follows (note that we must have Ω ≥ 0):
and we must further have
which is always satisfied due to (27) as λ < 0. Thus, as we see, there appears to be no ghost in the full nonlinear theory. The key ingredient here is the parametrization of the conformal and helicity-0 longitudinal modes. We have been working with (30) , while the results of [36, 14] apply to (29) . The difference between the two is that (30) has no derivatives. Thus, at the quadratic order, the second derivatives introduced by the parametrization corresponding to (29) can be integrated by parts to arrive at an action containing only first derivatives of ω and ρ. However, we have explicitly checked that already at the cubic level the second derivatives introduced by the parametrization corresponding to (29) cannot be integrated by parts, so the resulting action invariably includes terms with second derivatives of ρ. This is clearly problematic already at the cubic level and suggests that the parametrization corresponding to (29) cannot be used beyond the linearized approximation. Indeed, a nonlinear completion of (29) is given by:
where the covariant derivative is defined w.r.t. the metric η M N (this choice does not affect our discussion here). Note, however, that such a parametrization of the metric is rather problematic in the context of the full nonlinear theory (28) as it introduces higher derivative terms in u, which should therefore not be used as the canonical variable in the full nonlinear theory. This suggests that our parametrization (30) is indeed adequate (while our results here suggest that the perturbative field parametrization underlying the results of [14] does not appear to be adequate in the full non-perturbative theory).
The Linear Potential Revisited
In this section we consider the linear potential
This example was discussed in [2] and worked out in detail in the Hamiltonian formalism in [11] . The potential (59) does not satisfy the condition (22) and, therefore, does not lead to the Fierz-Pauli action at the quadratic order; consequently, it propagates a negative norm excitation at that order in perturbation theory. Nonetheless, we will show that the full non-perturbative Hamiltonian is bounded from below. This is shown in two ways: In the dimensionally reduced parametrization of (30) , and in the full Hamiltonian analysis of [11] . This supports our conclusion that the Ansatz (30) is fully adequate for analyzing unitarity. Recalling the definitions of Section 4, we have V (x) = Λ + m 2 x, and the g equation of motion gives
thus, the Hamiltonian reads:
which is in general positive definite (assuming g > 0, which is the case
, where we have used (11) and (12)). Therefore, as for the quadratic potential of the previous section, it appears that non-perturbatively there is no ghost. Furthermore, let us point out that perturbatively there is a ghost, since in a "weak-field", small U 2 expansion the kinetic term proportional to U 2 has a wrong sign. This is similar to instructive toy examples discussed in Section 1 hereof as well as Appendix A of [12] .
We arrive at the same result in full generality by introducing the lapse constraint into the gauge-fixed Hamiltonian derived for this potential in [11] . The result reads, in their notation,
which is positive definite, and reduces to (61) for the Ansatz (30) since, in that case, H GR i = 0, 1/N 2 = g and det h = 1/f D−1 . In fact, there is nothing "special" about the linear potential (59) in terms of unitarity. The discussion in Section 4 is completely independent of (22) (with the exception of the reference to (27) immediately following (57), which, however, does not affect our discussion here -see below), which is the condition corresponding to having the Fierz-Pauli term at the quadratic order. In particular, the discussion in Section 4 and its conclusion that non-perturbatively there appears to be no negative norm state are valid for all values of λ, including those smoothly interpolating between (27) (which corresponds to the Fierz-Pauli term) and λ = 0, which corresponds to the linear potential (59) as long as (57) is satisfied along the interpolation path (and this condition does not pose an obstruction to such interpolation). Simply put, non-perturbatively there appears to be no negative norm state for a continuous family of models arising out of the gravitational Higgs mechanism, and the linear potential point and the Fierz-Pauli point are not any special in this regard.
The fact that non-Fierz-Pauli points appear to be unitary deserves further elaboration. Thus, in the gravitational Higgs mechanism we start with massless gravity with D(D − 3)/2 degrees of freedom coupled to D scalars, one of which is time-like. As was explained in [5] , at the Fierz-Pauli point (22) However, non-perturbatively the Hamiltonian is positive-definite and there is no ghost, while if the Hamiltonian is expanded perturbatively, as we saw above, a ghost invariably appears. Simply put, the weak-field approximation is invalid in the regime where the fake perturbative "ghost", which is merely an artifact of linearization, would destabilize the background. 
